Stockholm University

Department of Statistics

Econometrics 1

WRITTEN EXAMINATION

Wednesday April 25 2018, 10 am — |5 pm

Tools allowed: Pocket calculator

Passing rate. 50% of overall total, which is 100 points. For detailed grading
Criteria, see the course description.

The exam will be handed back: not decided

For the maximum number of points on each problem detailed and clear solutions
are required.

If not indicated otherwise, the disturbance tem u; in the models are assumed to
fulfill the usual requirements of normality, homoscedasticity and independence.



Task 1 (24)
Assume the following model Yi=f.Y;+u;

A) Derive the least square estimator of B. (8)

B) The result in task A should be § = XZX;:'. Show that the estimator is unbiased and find its
{

variance. In your derivation specify where you use the assumption of uncorrelated errors
and the assumption of constant error variance.(8)

C) Now assume that the error variance is proportional to the variable X. How should you
transform the model to obtain constant error variance? Present the transformed model and
show that the error variance in the transformed model is homoscedastic. (8)

Task 2 (8)

Which two of the following statements are not correct for the classical linear regression
model: Y =f+ BaXa+P3 X5+

a) Cov(X5,X3) must be equal to zero

b) If X5=2Xj, it is possible to estimate the individual parameters [3» and B3 using a simple
linear regression model instead of the multiple model.

¢) E(u/X3) = E(u/X3)
d) E(YXo+1,X5i+1) - E(YIX2.X5) = Bat By

e) If X5;=X;, it is possible to estimate the sum of the individual parameters B and B3
using a simple linear regression model instead of the multiple model.



Task 3 20)

The table below shows the number of death penalty verdicts (DPV) for cases involving
multiple murders (TOTALS) in Florida between 1976 and 1987, classified by the race of the
defendant and the race of the victim.

The following model will be studied: inl—f; =B, +B,VR + BDR ,

where P = probability that a multiple murder will get a death penalty, VR=1 if the victim is
black, 0 if the victim is white and DR=1 if the defendant is black, DR = 0 if the defendant is
white,

(See Joreskog et al, Multivariate Analysis with LISREL, Springer Verlag, and references
therein.)

A) Is the logistic regression significant? Specify the null- and alternative hypothesis and use
relevant result in the estimation results to answer the question. (6)

B) For given victim calculate a 90% confidence interval for the ODDS of a death penalty if
the defendant is black ( e ). (7)

C) Calculate the probability of getting a death penalty given VR=1 and DR=1 and compare it
with the observed proportion for VR=1 and DR=1.(7)

Data Display

Row DEV VR DR TOTALS
1 53 0 0 487
2 11 0 1 48
3 0 1 0 16
] 4 1 1 143

Estimation results

Response Information

Variable WValue Count
Dev Event 68

Non-event 606
TOTALS Total 674

Logistic Regression Table

Odds
Pradictor Coef SE Coef Z P Ratio
Constant -2,05946 0,145846 ~14,12 0,000
VR -2,40444 0,600600 -4,00 0,000 0,09
DR 0,867797 0,367074 2,36 0,018 2,38

Log-Likelihocod = -209,478%
Test that all slopes are zero: G = 21,886, DF = 2, P-value = 0,000



Task 4 (23)

This exercise is based on the data in table 8.8 in Gujarati edition 5. In the table data for GDP,
Employment and Fixed Capital for the years 1955 to 1974 in Mexico are presented. We shall

use these observations to study the Cobb-Douglas production function:

InGDP, = B, + fyinLabor, + BsinCapital, + u,.

We will assume that the assumptions are fulfilled for the classical linear regression modei and

disregard the problem with trending variables.

A) Interpret the parameter estimate of B2.(5p)

B) Specify the null hypothesis and the alternative hypothesis that corresponds to the

presented F-vlue=1719.20 and make a conclusion based on the result. (6).

C) Calculate a 90% confidence interval for B2+ B and interpret the result.(12p)

regzrass LaGDP lnlabor lnCapital
Ssairce 53 «H M3 tigmear cf cbs 23
T, i LTLEERL
lodel 2.75.65a08 2 Brch » F = 2.0202%
Fasiduz 013£043% 7 B-syuared = 5.95851
Adj R-sguarzed 0,9943
Tozal 2.785254¢€2 ] 13339717 Fron M3E = J282¢%
1naGDF Coaf, sgd. Err Bl (8% Coni. Intezval)
inLlabor L3397362 .1336528 1 5.033 -.C320414 7315133
InZapital ,53459851 ,023332 9. 3.320 LE4H2327 1.942951
_cons -1,652429 LEJE2017 - 3 3,524 =2,631422 -.37343547

Covariance matriy of coefficients of regress model

e (V) lniLabor InCapizal _CEns
lnLabor .03448182
inCapital -.0170343% .0087145%9
_cons -.1064%4718 0450347 +3a743054



Task 5 (25)

Below and on the next page you find estimation results for the models:
Model 1:Y; = B + B, X5 + 1

Model 2: ¥; = B, + B,X5; + B3D; + B0 Xo; + 1,

where D is a dummy variable that takes the value 0 for group one and the value | for group
two. Below you find estimation results for Model | based on all observations and estimation
results based on observations for group 1 only. The estimation results on the next page for
Model 2 are based on all observations.

A) Use the results from Model 2 to write out the estimated equation for group one and group
two separately. (5)

B) Perform a formal test of whether the beta-parameters are the same for the two groups. Be
careful when you specify the hypothesis, test statistic, degrees of freedom, result and

decision. (12)

C) Is the error variance the same for group | and group 2? Perform a formatl test. (10)

Regression Analysis: Y versus X

The regression eguation is

¥ =- 3,01 +0,0725 %

Predictor Coef SE Coef T P
Constan% -3,014 2,91% -1,03 , 313
X 0,07250 90,0341 1,54 0,079

8§ = 1,0985% R-5g = 12,8% R=-Sgfadjl = 9,0

Analysis of Variance

Source DF ss MS F 4
Regression 1 4,086 4,088 3,33 0,079
Residual Errer 23 27,774 1,208

Total 24 31,860

Regression Analysis: Y1 versus X1

The regression eguation is

YL = - 5,34 + 0,112 %1

Predictor Coef SE Coef T P
Constant -5,342 2,893 -1,8% 0,088
X1 0,11151 0,03943 2,83 0,014

S = 0,771082 R-8q = 38,1 R-Sqgiadj} = 33, 3:

Analysis of Variance

Source DF 55 MS F P
Regression 1 4,75486 4,7546 6,00 0,014
Residual Error 13 17,7299 0,5%46



Total

12,4840

Regression Analysis: Y versus X; D; X*D

Tha regression equation is
Y=~ 5,34 + 0,112 ¥ + 1,99 D - 0,9450 X*D
Predictor Coef SE Ccef
Constant -3,342 3,355
b4 0,111%1 ©,04572
2] 1,939 4,808
ads] -G,04502 0,08478
S = G,554095 B-Sg = 47,3%
Analysis of Varlance

Jource 3 =5
Ragression 3 13,0729
Residzal frror 21 1€,7871
Tstal 24 31,8800C
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Formula sheet, Econometrics I, Spring 2018

Under the simple linear model Y; = g; + 3.X; + w;, where u; ~ N{0,07)
and given independent pairs of observations (V1,1 o0y (Y, X)), the OLS
estimators are:

}

= V-5X

Z(X:‘"?)(Yl,_?)
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n-—2 n—2

[y

iz}

S)
[<)

where ¥, = 3, + 32X, and where E(E;) =, E(E;) = 3 and E(7%) = ¢® and
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= X2 2
Vv = =
{51) ﬂZ(X;‘—?)‘U
- 2
V() = S —

=
a0
po—
]
&l
|
+
=
[=]
[
[
[ 1%
[ &)
S

V¥p-1) = ¢

|
3
[
—
-+
.
> |3
il
2
[&]
N—

Distributional results;
3

=B

m ~ t(n—2), l=1,2
L:z_i) ~ XH{n-2)

Coeflicient, of determination;

. _ Bss_ | mss_ | E(n-F)
" % TsST TTss T T (V-7

Coefficient of correlation:
. _LX-X)-¥)
VE (X -X) T (¥ - 7)

r




where r = £vr2

It we let ¥ = un ¥, and X7 = wz Xy, then

Under the muitiple linear regression model Y, = g; + BoXg+ o+ SN+ uy,
where u; ~ N(0,g%) and given independent vectors of observations
(Y1, Xa, .0 Xet)s oo (Vo Xon, o ooy Xk ), the following holds for the OLS es-

timators:

2

RSS _2(‘1 ‘A)

J

i

nek n—-k
3 -8
e L ) N = Y
sen;,.ﬁ',)
F¢n—-k .
——( - ) ~ x"(n=k)
72

The multiple coefficicut of determination:

oo mss s T(EoF)
© T§S T T8S T (- T)
Adjusted:
o= RSS/(n-k)

TSS/(n— 1)

Testing fly: 3 = ... 3k =0

ESS/(k=1) _ Z(?.- -?)2/(&-- 1)
RSS/(n-k) > (Y.' ~ }7.)2 Jn— )

Comparing an "old” model with a "new” (larger):
P g B

(ESSew — ESSata) /numbier of new regressors
R58,,.,./(n — number of parameters in the new model)
(R, — %, )/ number of new regressors
(L — R,/ (;:- — numnber of parameters in the new todel)

Fo=




Comparing an "unrestricted” model with a "restricted”:

(RSSp ~ RSSyp)/m _  (Rip — R%)/m

RSSynp/in-k) (1-RA)/(n=-k)

where m is the number of linear constraints and k is the number of parameters
in the unrestricted model.

Variance inflation laclor:

1
VIF, = ——;
h=1—p
Auxiliary regression:
o RYk-2)

T -R)/n-k+1)

where Rf- = [* in the regression of z; on the remaining (k — 2) regressors.

Tests of heteroscedasticity: (all test statistics are evaluated under the null hypot-
hesis of no heteroscedasticity)

White's test: Regress #:? against the &k — 1 regressors and the squares of these.
Test statistic: n B2 "R ¥2(2(k = 1))

Glejser test: Regress |i,| against the regressor X; (one regressor at a time)
Test statistic: (-test of the slope

Park test: Regress Init? against the regressor {nX;, (one regressor at a time)
Test statistic: -test of the slope

Goldefeld Quande test of equal variances in two separate regressions:
PP 4 2
Test statistic: a;r ~ Flny = ky,np — ka)

Tests of autocorrelation:

The Runs lest: For R = number of runs, where N = Ny + Na lotal number of
observations:

2 el
er) = ¥

2N, Ny (2N, Ny — N)
viR) = NN - 1)

The Durbin Watson d statistic:

- - 2
d= Z:l_—,g {te ~ 1)
Z:I=l El-,




Breusch Godfrey test: Nullypothesis: Ho: pr=p2=...=pg =0

Test statistic: nR? from the regression of i, on the regressors which have pro-

duced i, plus lagged @, up to lag K.
n = the munber of observations used in this regression.
The test statistic is approximately *{K)

Akaike's inlormation criterion:

¢k/mpgy

AlIC =
ii
Schwartz's information citerion:
k/n R8s
gic - nonSs
it
Mallow's C criterion:
. RSS, .
(p = 57 (n—2p)

Logistic regression {logit model):

- 1 PO = 1)
LY g 1 + e-(B1=daXot -+ X)) !n(: -PY = 1)

)= B1+3: X+ - +Pe Xy



VR Appendix O St af Tibde

TABLE D Example
g‘reni L:;'dcri':E l Pr(0< Z1.96) = 04750 /
Standardized Norma ) B 0473
Distribution Pr(Z21.96)=05-o. 1750 =0.025
\\
~
0 1.9¢6 '

et i e e s e £
——

ff .00 01 .02 .03 .04 .05 .06 .07 .08 .09

0000 .0040 .0080 .0120 0160 0199 0239 .0279 0319 0359
0.1 [.0398 0438 .0478 0517 0557 0596 .063¢ 0675 0714 0753
0.2 1.0793 .0832 .0871 0910 .0948 0987 .102¢ J064 1103 1143
031.1179 1217 1255 1293 1331 1368 .1406 1443 1480 577
0.4 .1554 1591 1528 1664 1700 1736 .1772 1808 1844 1879
0.5[.1915 1950 .1985 2019 2054 2088 .2123 2157 2190 2224

0.6 1.2257 2291 2324 2357 2389 2422 .2454 2486 2517 2549
0.7 [.2580 .2611 2642 2673 2704 2734 2764 2794 .2B23 2852
0.8 ].2881 2910 .2939 2967 2995 3023 .305) -3078 3106 3133
0.9/.3158 3186 3212 3238 3264 3289 3315 3340 3365 3389
1.0 1.3413 3438 346) 3485 3508 3531 3554 3577 3599 3621

3643 3665 .3686 3708 3729 3749 3770 3790 3810 .3830
3849 3869 3888 3907 3925 3944 3962 3980 3997 4015
4032 4049 4066 .4082 4099 4115 4131 4147 A162 4177
4192 4207 4222 4236 A251 4265 4279 4292 4306 43719
4332 4345 4357 4370 4382 4394 4406 .4418 4429 4441

4452 4463 4474 4484 4495 4505 4515 4525 A535 4545
4454 4564 4573 4582 4591 4599 4608 4616 4625 4633
4641 4649 4656 4664 4671 4678 4686 .4693 4699 4706
4713 4719 4726 4732 4738 4744 4750 4756 4761 4767
4772 4778 4783 4788 4793 4798 4803 4808 4812 4817

4821 4826 4830 .4834 4838 4842 4846 4850 4854  4B57
4861 4864 4B68 4871 4875 4878 4881 .4834 4887 4890
4893 4896 4898 4907 4904 4906 4909 4911 4913 4916
4918 4920 4922 4925 4927 4929 4931 4932 4934 4936
4938 4940 4947 4943 4945 4946 4948 4949 4951 4952

4953 4955 4956 4957 4959 4960 4961 4942 4963 4964
4965 4966 4967 4968 4969 4970 4971 4972 4973 4974
A974 4975 4976 4977 4977 4978 4979 4979 4980 4981
4981 4982 4982 4983 4984 4984 4985 4985 4986 .49Bs
4987 4987 4987 4988 4988 4989 4989 4989 4990 4990

et B

SCLONG o

BN

W NN Moo
S - T -

Ve This table gisos the 3502 1n iz nght-kand it of the distribunon 2.2 = 00 But smee the canra! ¢ strbat an 1
sermgtncal ahout 2 = 0, the jre4 i e tefi-band tal is the sarz 35 1% arey o 12 cartesparding raleteo 1 | Vple
Pr=1u¢ Tl =04t Fzrztng Pr-vog RPN LTI T I R T us



Apprendie D S Loy bBAY

laBtl L) 2 Example
Percentape Points uf Pr(t - 2.088) = 0 025
the ¢ Distribution ' - .
Pe(t ~ 1725) =005 for of = 20
Snd bt S fementd B - 1.725) = 0.10

T

CPe | 025 | 010 0.05 0.025 0.01 | 0.005 0.001
df ~ 0.50 0.20 0.10 0.05 0.02 0.010 0.002
1 1000 | 3078 6314 12706  31.821 | 63.657 | 318.31
2 0.816 | 1.886  2.920 4303 | 6.965 9.925 22.327
3 0.765 | 1.638 | 2.353 3.182 4.541 5.841 10.214
4 0741 | 1533 | 2132 | 2778 3.747 4.60+4 7173
5 0.727 | 1476 | 2015 2571 1 3.365 4.032 5.893
6 0.718 | 1440 @ 1943 2.447 3.143 1,707 5.208
7 0711 | 1415  1.895 2,365 2.998 3.499 4.785
8 0.706 | 1.397  1.860 2306 2.896 3.355 4.501
9 0.703 | 1.383  1.833 2262 2.821 3.250 4,297
10 0.700 | 1372 1812 2228 2.764 3.169 1144
1 0.697 | 1363 1.796 2.201 2.718 3.106 4.025
12 0.695 @ 1.356  1.782 2179 2.681 3.055 3.930
13 0.694 | 1350 1771 2.160 2.650 3.012 3.852
14 0.692 | 1315  1.761 2145 2.624 2977 3.787
15 0.691 | 1341 1753 2131 2,602 2.947 3.733
16 0.690 | 1337 1746 2120 2.583 2,921 3.686
17 0.680 1333 1740 | 2110 2,567 2.898 3.646
18 0.688 | 1330  1.734 2101 2552 | 2878 3.610
19 0.688 | 1328 1.729 2093 2.539 2.861 3.579
20 0.687 = 1325 1725 2,086 2,528 | 2845 3.552
21 0.686 i 1323 + 1721 | 2080 | 2518 | 2831 3.527
22 0.686 | 1321 1717 2074 2.508 |, 2819 3505
23 0.685 = 1319 | 1714 2069 2.500 2.807 3.485
24 0.685 | 1318 1711 | 2064 2492 2.797 3.467
25 0684 | 1.316 1708 | 2060 | 2485 2.787 3.450
26 0.684 1315  1.705 2056 2.479 2779 3.435
27 0684 | 1314 | 1703 | 2052 2,473 2771 3.421
28 0.683 | 1.313 | 1701 | 2048 | 2467 2.763 3,408
29 0.683 | 1.311 | 1699 | 2045 2,462 2.756 3.396
30 0.683 | 1.310 | 1697 2042 2457 2.750 3.385
40 0.681 | 1.303  1.684 2,021 2.423 2.704 3.307
60 0.679 | 1.296 1.7} 2.000 2.390 2.660 3.232
120 0.677 | 1.289 | 1.658 1980 | 2.358 2.617 3.160
cE 0674 | 1.282 | 1.645 | 1960 | 2326 2.576 3.090
e ———— IE——— R

oo Tha sraller probaains sbeewm gt v hoad ¥ oeaodn cohian 1 the ppenan 2ng vl the dager probakahity s the arzin
b th Laals



BRE&  Appendix O Sntistical Talles

TABLE D.4 Example )
LUpper Percentage 2 _ ) B "
Points of the y? i (xz > 10.85) = 0.95 93¢ area -
Distribution Prirs:2383)=025 for ¢f == 20
Pr{y?>3141) =005

0 10.8% 23.83 3141 a
~ I o
Degrees ™. Pr .
of freedom | .995 .990 975 .950 .900
1 1322704 x 10°"9 157088 « 10-° 982069 x 10°7 393214 %~ 10°8 11757903
2 | 0100251 1201007 .0506356 102587 210720
3 0717212 114832 215795 .351846 584375
4 206930 297110 484419 210721 1.063623
5 411740 554300 B3121 1.145476 1.61031
6 675727 872085 | 1.237347 1.63539 2.20413
7 .989265 1.239043 1.68987 2.16735 2.83311
8 1.344419 1.646482 2,17973 2.73264 3.48954
9 1.734926 2087912 2.70039 3.3251 4.16816
10 2.15585 2.53821 3.24697 3.94030 4.86518
1 2.60321 3.05347 3.81575 4.57481 557779
i2 3.07382 3.57056 4,40379 5.22603 6.30380
13 3.56503 4.10691 5.00874 5.89186 7.04150
14 4.07468 4.66043 5.62872 6.57063 7.78953
15 4.60094 5.22935 6.26214 7.26094 8.54675
16 5.14224 5.81221 6.90766 7.96164 9.31223
17 5.69724 6.40776 7.56418 B.67176 10.0852
18 6.26481 7.0149 8.23075 9.39046 10.8649
19 6.84398 7.63273 8.90655 101170 11.6509
20 7.43386 B.26040 9.59083 10.8508 12,4426
21 8.03366 B.89720 10.28293 11.5913 13,2396
22 B.64272 9.54249 10,9823 12,3380 14,0415
23 9.26042 10.19567 11.6885 13.0905 14.8479
24 9.88623 10.8564 12,4011 13.8484 15.6587
25 10.5197 11.5240 131197 14.6114 16.4734
26 11.1603 12.1981 13.8439 15.3791 17.2919
27 11.8076 12.8786 14.5733 16.1513 18.1138
28 12.4613 13.5648 15.3079 16.9279 18.9392
29 13121 14.2565 16.0471 17.7083 19.7677
30 13.7B67 14 9535 16.7908 18.4926 20.5992
40 20.7065 22.1643 24.4331 26.5093 29.0505
50 27.9907 29.7067 32.3574 34.7642 37.6886
60 35.5346 37.4848 40.4817 43.1879 46.4589
70 43.2752 45.4418 48.7576 51.7393 55.3290
80 | 511720 53.5400 57.1532 60.3915 64.2778
90 I 59.1963 61,7541 65.6466 69.1260 73.2912
100* 67.3276 70.0648 74.2219 77.9295 B2.3581
“Fordf graate thm pe CXPIOEEI) i WD 20 s e st d e Tead nona ald seibeo e cwhere & repraaam

e degreas of frood v






Appendia D Secivieal Bty b
T
X = table corrt e f_'

.750 500 250 -100 .050 025 010 005
1015308 454917 1.32330 270554 384140 502389 663490 7.87944
575364 1.38529 2.77259 4.60517 5.99147 7.37776 921034 10.5966

1.212534 2.36597 4.10835 6.25139 7.81473 9.34840 11.3449 12,8381
92255 3.35670 5.38527 7.77944 9.48773 11,1433 13.2767 14.8602
.67460 4.35146 6.62568 9.23635 11.0705 12,8325 15.0863 16.7496

=3.45460 5.34812 7.84080 10,6446 12.5916 14b.4494 168119 18.5476

4.25485 6.34581 9.03715 120170 14.0671 16.0128 184753 20.2777

5.07064 7.34012 10.2188 13.3616 15.5073 17.5346 20.0902 21.9550

5.89883 8.34283 11.3887 14.6837 16.9190 19.0228 21.6660 23.5893
73720 9.34182 12,5489 159871 18.3070 20,4831 232093 25.1882
.58412 10.3410 13.7007 17.2750 19.6751 21.9200 24.7250 26.7369

8.43842 11.3403 14.8454 18.5494 21.0261 233367 262170 28.2995

9.29%06 12.3398 15.9839 19.8119 22.3621 24,7356 27.6883 29.8194

10.1653 13.3393 17,1170 21.0642 23.6848 26.1190 29.1413 31.3193
11.0385 14.3389 18.2451 22,3072 24.9958 27.4884 30.5779 32.8013
11.9122 15.3385 19.3688 235418 26.2962 28.8454 31,9999 34.2672
12,7919 16.3381 20.4887 24.7690 27.5871 301910 33.4087 35.7185
13,6753 17.3379 21.6049 259894 28.8693 31.5264 34.8053 37.1564
14.5620 18.3376 22,7178 27.2036 30.1435 328523 36.1908 38.5822
15,4518 19.3374 23.8277 28.4120 34104 34,1696 37.5662 39,9968
16.3444 20.3372 24.9348 29.6151 32.6705 35.4789 389321 41.4010
17.2396 21.3370 26,0393 30.8133 33.9244 36.7807 40.2894 42,7936
18.1373 22.3369 27,1413 32.0069 351725 38.0757 41,6384 44.1813
19.0372 23.3367 28.2412 331953 36.4151 39.3641 42.9798 45.5585
19,9393 24.3366 29,3389 34 38186 37.6525 40.6465 44 3141 46.9278
20.8434 25.3364 30.4345 35.5631 38.8852 41.9232 45.6417 48.2899
21.7494 26.3363 31.5284 36.7412 401133 43.1944 46.9630 49.6449
22.6572 27.3363 32.6205 37.9159 41,3372 44.4607 48.2782 50.9933
@.5666 28.3362 33.7109 39.0875 42.556% 45.7222 49.5879 52,3356
- 4776 29.3360 34.7998 40.2560 43.7729 46,9792 50.8922 53.6720
33.6603 39.3354 45.6160 51.8030 55.7585 59.34117 63.6907 66.7659
42.9421 49.3349 56.3336 63.1671 67.5048 71,4202 76.1539 79.4900
522938 59.3347 66.9814 74.3970 75.0819 83.2976 88.3794 91.9517
6983 69.3344 77.5766 85.5271 90.5312 95.0231 100.425 104.215
1445 79.3343 88.1303 96 5782 101.879 106.629 112.329 116.321
T80.6247 89.3342 98.6499 107.565 113.145 118.136 124116 128.299
90.1332 99.3341 109.141 118.498 124,342 129.561 135.807 140.169

Source Abodged rom £ 8 Pearsor and MO Hastley, eds. Boomerila ToMos fer S roosel 130 g bl 5 Cambrdae L neersie, Prsss, S Yok,
Repraduged by pernnssion of tie editars azd tristees of Bonctnia






R0 Appendix D Snwistical Tables

FARLE P 2 Upper Percentage Polnts of the Distributtion
Example

Pr(F = 1.59) = 0.25

Pr{F ~242)=0.10 fordf Ny = 10

Pr{F > 3.14)=0.05 and Ny =9

Pr(F = 5.26) = 0.01

0
df for
denom- df for numerator N,
inator | —.. - .o - - - - -
N; Pr 1 2 3 4 5 6 7
25 5.83 7.50 8.20 858 882 8.98 210
1 00 399 49.5 536 558 57.2 58.2 589
05 181 200 216 225 230 234 237
25 2.57 3.00 3.5 323 328 3.31 3.34
2 10 8.53 9.00 9.16 9.24 9.29 9.33 9.33
05 185 19.0 19.2 19.2 19.3 19.3 19.4
01 985 99.0 99.2 99.2 99.3 99.3 99.4
.25 2.02 2.28 2.36 2.39 2.41 2.42 243
3 .10 5.54 5.46 5.39 5.34 53 5.28 5.27
.05 101 9.55 9.28 2.12 9.01 B.94 8.89
A1 340 30.8 29.5 287 28.2 27.9 27.7
.25 1.81 2.00 2.05 206 2.07 2.08 2.8
4 A0 4.54 4.32 4.19 an 4.05 4.0 398
.05 7.71 6.94 £.59 6.39 626 6.16 609
01 212 18.0 16.7 16.0 15.5 15.2 15.0
.25 1.69 1.85 1.88 1.89 1.89 1.89 1.89
5 10 4.06 3.78 3.62 3152 345 3.40 3.37
.05 6.61 5.79 5.41 519 5.05 4.95 4.88
01 163 13.3 12.1 1.4 11.0 10.7 10.5
.25 1.62 1.76 1.78 1.79 1.79 1.78 1.78
6 10 3.78 346 3,29 318 in 3.05 im
05 5.99 5.14 4.76 4.53 4.39 4.28 4.21
01 137 10.9 9.78 9.15 875 8.47 8.26
.25 1.57 1.70 1.72 1.72 .71 1.71 1.70
7 10 3.59 3.26 3.07 2.96 2.88 2.83 2.78
.05 5.59 4.74 4.35 412 397 31.87 3.79
Q1 122 9.55 8.45 7.85 7.46 7.19 6.99
I 25 1.54 1.66 1.67 1.66 1.66 1.65 1.64
8 10 - 346 in 2.92 2.81 273 2.67 2.62
.05 5.32 4.46 4.07 384 362 3.58 3.50
01 113 8.65 7.59 7.01 6.63 6.37 6.18
I 25 1.51 1.62 1.63 1.63 1.62 1.61 1.60
5 10 336 301 281 269 261 255 251
| .05 512 4.26 3.86 363 3.48 3.37 329
[ 01 106 8.02 6.99 6.42 6.06 5.80 5.61
Souree From £ S Porrscnand 11 O Harttey, eds. 8ol 3 Telv o 60 Searee ool Pl

Raprodiced n periussion of te editors and tr 15120 o0 8

5% area

16 area

8

AT

59.4
239

1.35

9.37
19.4
99.4

2.44

5.25

8.85
27.5

2.08

3.95

6.04
14.8

1.89

3.34

4.82
10.3

1.78
298
4.15
810

1.70
2.75
3.73
6.84

1.64
2.59
3.44
6.03

1.60
2.47
3.23
5.47

1.69
2.72
3.68
6.72

1.63
2.56
3.39
5.9

1.59
2.44
318
5.35

Ji4 326
10 11
9.32 9.316

60.2 60.5
242 243

338 139

9.39 9.40
19.4 19.4
99.4 99.4

2.44 2.45
523 5.22
879 8.76

27.2 27.1

2.08 2.08
3.92 39
596 594

14.5 14.4

1.89 .89
3.30 3.28
4.74 4.71

104 9.96

1.77 1.77
2.94 2.92
406  4.03
7.87 7.79
1.69 1.69
2.70 2.68
3.64 360
6.62 6.54
1.63 1.63
2.54 2.52
3.35 KR )
L% 5.73
1.59 1.58
2.42 2.40
3.14 310
5.26 5.18

12

9.41
60.7
244
3.3%
9.41
19.4
99.4

245

5.22

8.74
27.1

2.08

3.90

5.91
14.4

1.89
3.27
4.68
9.89

1.77
2.90
4.00
7.72

1.68
2.67
3.57
6.47

1.62
2.50
3.28
5.67

1.58
2.38
307
5N

IR, Cahrdga Unneraty Press, Naw Y ok 1904
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df for
Jf for numerator Ny flenom-
wRL o eemeumi s o inator
15 20 24 30 40 50 60 100 _ ?20 2(_)0 500 ~ Pr Na
9.49 9.58 9.63 9.67 9.71 9.74 9.76 9.78 980 9,82 984 9.85 .25
61.2 61.7 620 682.3 62.5 62.7 62.8 53.0 63.1 63.2 63.3 63.3 i0 1
246 248 249 250 251 252 252 253 253 254 254 254 Q5
3441 143 343 344 345 345 346 3.47 147 343 348 348 .25
9.42 9 44 9.45 9,46 9.47 947 947 g.48 943 .49 9.49 49 10 o
19.4 19.4 19.5 19.5 19.5 19.5 19.5 19.5 19.5 19.5 19.5 19.5 05 -
99.4 G9.4 949.5 99.5 99.5 9295 99.5 99.5 99.5 99.5 99.5 99.5 .01
2.46 2.40 246 247 247 247 247 2.47 247 2.47 247 247 25
5.20 5.18 5.18 517 5.16 315 5.15 5.14 314 514 5.14 513 10 3
870 8.66 8.64 8.62 859 458 B.57 8.55 B.55 B.54 B 513 853 .03
269 26.7 266 26.5 26.4 264 26.3 26.2 262 262 261 261 Ko]]
208 2.08 208 2.08 208 208 2.08 2038 208 2.08 208 208 .25
387 184 183 3.82 380 380 179 378 378 3.77 3.76 376 .10 4
588 5.80 577 5.75 572 570 5.69 5.66 566 5.65 5 64 563 .05
14.2 140 119 1318 13.7 13.7 13.7 136 136 135 13.5 13.5 (13
1 89 1.88 183 188 i .88 188 187 1.87 1.87 1.87 1.87 1.87 .23
324 3.21 319 37 316 315 314 313 32 312 AR 310 .10 :
4.62 4.56 453 4.50 4 46 444 443 4.41 4,40 439 4.37 436 .03 s
9,72 9.55 947 9.38 9,29 g.24 9.20 9.13 911 508 9.04 902 .01
1.76 1.76 1,73 1.75 1.75 1.75 1.74 1.74 1.74 1.74 174 1.724 .25
2.87 2.84 232 2.80 278 277 278 275 2,74 273 273 2,72 10 .
304 187 334 3.8 377 3.75 374 3.7 3.70 3.69 3.68 167 03 g
7.56 7.40 7.3} 7.23 7.14 7.09 7.06 6.99 6.97 693 690 688 .00
1.68 1.67 1.67 1.66 1. 66 166 165 1.65 1.65 1.65 .65 1.65 .25
2.61 2.59 2.58 2.56 254 2,52 251 250 2.49 2.48 248 247 10 7
15 144 141 3.38 334 332 330 3.27 3.27 3.25 3.24 3231 .05
6.31 6.16 6.07 599 591 586 582 5.75 §5.74 5.70 567 565 .01
1.62 1.6l 1.60 1.60 1.59 1.59 1.59 1.58 1.58 1.58 1.58 153 .25
2.46 2,42 240 2.38 2.36 2.35 234 2.32 2.32 2.3 230 229 .10 8
3.22 315 312 3.08 304 202 i 297 2,97 2.95 2.94 293 .05
5,52 5.36 528 5.20 512 5.07 5.03 4.96 4.935 4.91 488 4.86 .01 |
1.57 .56 i.56 1.55 1.55 1.54 154 153 1.53 1.53 1.53 1.53 .25
2.34 2.30 2.28 2.25 2.23 222 221 219 218 247 217 216 .10 9

3.01 2.94 290 286 283 280 279 276 2.75 2.73 272 271 .05
496 4.81 4.73 4,65 457 452 448 442 440 436 4.33 431 .01

{Contnued)



E82 Appendix O Sratiencwd Tahles

TABLE DX Upper Percentage Points of the F Distribution  (Continned

df for

denom-

inator
Nz

10

IR

13

T4

17

18

19

Pr

1

.25
10
.05
01

| .25
|10

05
.01
| 25
|10

.05
| .01

| .25
10
| il
.o

.25
| .10

05
| .0t

| .25

10
| .05
.m
1 .25
|10

.05
[ .01

[ 25
.10
| .05
| .01

1.4%

329

4.946
10.0

1.47
3.23
4.84
9.65

1.48
ER LS
4.75
9.33

1.45
3.14
4.67
9.07

1.44
3.10
4.60
8.86

1.43
oz
4.54
8.68

1.42
3.05
4.49
8.53

1.42
3.03
4.45
8.40

14
ENU)
4.41
829

1.41
2.99
4.38
8.18

1.40
297
4.35
8.10

1.60
2,92
4.10
7.56

1.58
2.86
398
7.21

1.56
2.81
3.89
6.93

1.55
2.76
3.8
6.70

1.53
2.73
3.74
6.51

1.52
2.70
1.68
6.36

1.51
2.67
3.63
6.23

1.51
2.64
3.59
6.1

1.50
2.62
3.55
6.01

1.49
2.61
352
593

1.49
2.59
349
585

1.60
2.73
3.7t
655

1.58
2.66
359
6.22

1.56
261
349
595

1.55
2.56
i
5.74

1.53
252
3.34
5.58

1.52
2.49
329
542

1.5
2.46
3.24
5.29

1.50
2.44
3.20
518

1.49
242
3.16
5.09

1.49
2.40
313
5.0

1.48
2.38
310
4.94

341
1.53
243
.18
521

1.52
2.3¢9
in
5.04

1.51
2.36
106
4.89

1.50
233
in
4.77

1.49
2.31
2.96
4.67

1.48
2.29
2.93
4.58

147
227
290
4.50

146
225
287
443

df for numerator N,

5
1.59
252
333
564
1.56
2.45
3.20
332

1.54
2.39
ER ]
5.06

1.52
235
3.03
4.86

1.51
231
2,96
4.69

1.49
2.27
2.90
4.56

1.48
2.24
2.85
4.44

1.47
2.22
2.8
4.34

1.46
2.20
277
4.25

1.46
218
2.74
417

1.45
2.16
2.7
4.10

6
1.58
248

322
539

1.55
2.39
109
07
1.53
233
3.00
4.82
1.51
2.28
292
4.62

1.50
2.24
2.85
4.46

1.48
2.21
2.79
4.32

1.47
218
2.74
4,20

1.46
2.15
2.70
4.10

1.45
2.13
2.66
4.01

1.44
2.1
263
3.94

1.44
2.09
2.60
3187

7
1.57
2.41
3.74
5.20

1.54
2.34
im
4.89

1.52
2.28
2.91
4.64

1.50
2.23
283
4,44

1.49
2.19
2.76
4.28

1.47
2.6
2.71
4.14

1.46
213
266
4.03

1.45
210
2.61
3.93

.44
2,08
2.58
3.84

1.43
2.06
2.54
377

1.43
2.04
2.51
3.70

B

1.56
2.38
3.07
5.06

1.53
2.30
2.95
4.74

1.51
2.24
2.85
4.50

1.49
2.20
2.7
4.30

1.48
215
2.70
4.4

1.46
212
2.64
4.00

1.45
209
2.59
3.89

1.44
2.06
2.55
379

1.43
2.04
2.51
3.71

1.42
2.02
248
3.63

1.42
2.00
2.45
356

9

1.56
2.35
3.02
4.94

1.53
227
2.90
4.63

1.51
2.21
2.80
4.39

1.49
2.16
2N
4.19

1.47
212
2.65
4.03

1.46
2.09
2.59
389

1.44
2.06
2.54
3.78

1.43
203
2.49
.68

1.42
2.00
2.46
1.60

.41
1.98
242
3.52

1.41
1.96
2.39
146

i0
1.55
2.32
2.98
4.85

1.52
2.25
2.85
4.54

1.50
219
2.75
4,30

1.48
2.14
2.67
4.10

1.46
2.10
2.60
3.94

1.45
2,06
2.54
3.80

1.44
2.03
249
3.69

1.43
2.00
2.45
1.59

1.42
1.98
2.41
3.5

1.41
1.96
2.38
3.43

1.40
1.94
2.35
.37

1
1.55
2.30
2.94
4.77

1.52
2.23
2.82
4.46

1.50
217
2.72
4,22

1.47
212
2.63
4.02

1.46
2.08
2,57
3.86

1.44
2.04
2.51
173

1.44
2.0
2.46
3.62

1.42
1.58
24
3.52

1.4%
1.96
237
343

1.40
1.94
2.34
3.36

1.39
1.92
2.31
3.29

12

1.54

2.28
291
471

151
2.2
279
440

1.49
215
269
416

1.47
210
2.60
3.96

145
205
253
380
1.44
202
248
1.67

1.43
1.99
2.42
3.55

.41
1.96
2.38
346

1.40
1.93
2.34
3.37

1.40
1.91
2.3
3.30

1.39
1,89
2.28
3.23



15

1.53
2.24
285
456

1.50
217

272
425
1.48
210
262
4+

1.46
205
253
382
144
20
2.48
166

143
197
240
352
1.1
1.94
2.35
14

140
1.91
)
in
1.39
189
2,27
323

1.38
186
2.23
115

1.37
1.84
2.20
3.09

——

20
1.52
2.20
2,77
441

1.49
2a2
2.65
410

147
2.06
2.54
18a

1.45
2.
246
366
1.43
196
239
31.51

1.41
1.92
231
3.37
1.40
1.89
2.28
3.26

1.39
186
223
3la

1.38
184
2.19
3.08

1.37
1.81
2.6
300

1.36
1.79
212
294

-1l

24
1.52
218
2.74
433

1.49
2.0
2.61
4.02

1.46
2,04
15
1.78

144
198
242
159

1.42
1.94
2.35
343

1441
1.90
2,29
1.29

1.39
1.87
2.24
318

.38
1.84
2.19
3.08

1.37
1.8}
215
.00

1.36
1.79
2.1
2.92

1.35
1.77
2,08
2.86

\K U‘lﬁ-

30
1.51
2.16
2.70
4.25

1.48
208
257
3.94

1.45
201
247
370
1.43
196
238
350

141
1.91
21
333

1.40
1.87
2.25
N

1.38
1.84
219
310

1.37
1.81
215
1.00

1.30
1.78
211
292

1.35
1.76
207
2.84

1.34
1.74
2.04
278

40
1.51
213
21.66
417

1.47
205
253
386

1.45
1.99
243
162
142
153
2.34
143

141
1.89
227
127
139
185
2.20
313

1.37
1 81
215
102

1.36
1.78
210
2,91
1.35
1.75
2.06
2.84
1.34
1.73
2.03
2.76

1.33
1.71
1.99
2.69

nr]qr’r';

df Tur numerator Ny

50

1.50
212
2.64
4.12
1.47
204
2.51
38l

1.44
197
2.40
3.57
142
192
231

60
1.50
211
26l
4.08

1.47
203
249
378
144
1.96
238
354
142

—
[ =
[V I

160

.49
209
259
+.01
1.46
2.00
246
3N

143
194
233
47
141
1 88
226
327
1139
183
219
in
V33
1.79
212
293

134
1.76
207
2 8é
.34
1,73
202
278
133
1.70
1.98
268
1.32
1.6/
1.94
2.60
1.31
165
1.91
2.54

120

1.49
208
2.58
4.00

1.46
100
245
369
1.43
1.93
2.34
343
X
.88
2.23
325
1.39
1 83
218
31.09

137
1.79
211
2.96

1.33
1.75
2.00
2.84

1.34
1.72
201
2,75

1.33
1.69
1.97
266

1.32
1.67
1.93
2.58
1.31
1.64
1.90
252

200
149
2.07
2.56
396

146
1.99
2.43
1.66
1.43
192
2.32
14
1,40
1 86
2.23
322
1.39
1.82
2,18
106
1.37
1.77
20
292

1,35
1.74
2.04
2.8

134
1.71
1.9%
27

1.32
.68
1.95
262

1.3%
1.65
1.9%
2.55
1.30
1.63
1.88
2.48

Appaendi ¢ [n]

500

1.48
2.06
2.55
3193
1.45
1.98
2.42
162

142
1.91
2.31
338

140

2.51

1.30
1.62
1.86
2,44

1.48
2.06
2.54
191

1.45
1.97
2.40
3.60

1.42
1.90
230
336
1.40
185
221
3.17

1.38
180
213
jon

1.38
176
rQ7
2.87
1.34
1.72
2.01
2.75
1.33
1.69
1.96
2.65
1.32
1.66
1.92
2.57
1.30
1.63
1.88
2.49

1.29
1.61
1.854
242

Yemndtea fatiss

df for

vl

| denony-

I*r

25|

10
0 |

.0t |
25

o |
.05 |
o

25 |
10

05 |
01

%
10
05
01

]

10
03
01
25
A0
05
01 .
25
a0
05 !
01
25

A0

05 i

M
.25
A0
05
01

25
40
.05
o
25

|

A0
.05 .
01

1

inator

10

13

20

N,

{Continue



B84  Appendix D Stasisrical Takler

TABLE D.3 Upper Percentage Points of the F Distribution {Continued )

df for
.denom- df for numerator N,
inator y -
N; | Pr 1 - 2 3 4 5 [ 7 8 9
25 1.40 1.48 1.47 1.45 1.44 1.42 141 1.40 1.39
22 g0 2.95 2.56 2.35 2.22 213 2,06 2.0 1.97 1.93
05 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34
.01 7.95 5.72 4.82 4,31 3.99 3.76 3.59 3.45 3.35
25 1.39 1.47 1.46 1.44 1.43 1.41 1.40 1.39 1,38
24 A0 2.93 2.54 2.33 2.19 2.10 2.04 1.98 1.94 1.91
05 4.26 3.40 3.01 2.78 2.62 2.51 2.42 2.36 2.30
Kil] 7.82 5.61 4.72 422 3.90 3167 3.50 136 3.26
25 1.38 1.46 1.45 1.44 1,42 1.41 1.39 1.38 1.37
2% 10 2.7 2.52 2.3 2.17 2.08 2.01 1.95 1.92 1.88
05 4.23 3.37 2.98 2.74 2.59 2.47 2.39 2,32 2.27
.01 7:72 5.53 4.64 4.14 182 3.59 3.42 3.29 318
25 1.38 1.46 145 1.43 1.41 1.40 1,39 1.38 1.37
28 10 2.89 2.50 2.29 2.16 2.06 2.00 1.94 1.90 1.87
.05 4.20 3.34 2.95 2.71 2.56 2.45 2.36 2.29 2.24
.01 7.64 5.45 4.57 4.07 375 3.53 3.36 3.23 312
.25 1.38 1.45 1.44 1.42 1.41 1.39 1.38 1.37 1.36
30 10 2,88 2.49 2.28 2.14 2.05 1.98 1.93 1.88 1.85
05 4.17 3.32 2.92 2.69 2.53 2.42 2.33 2.27 221
.01 7.56 5.39 4,51 4.02 3.70 347 3.30 317 3.07
25 1.36 1.44 1.42 1.40 1.39 1.37 1.36 1.35 1.34
40 10 2.84 2.44 2.23 2.09 2.00 1.93 1.87 1.83 1.79
.05 4.08 3.23 2.84 2.61 2.45 2.34 225 2.18 212
.01 7.31 5.18 4.1 383 3.51 329 312 2.99 2.89
.25 1.35 1.42 1.41 1.38 1.37 1.35 1.33 1.32 1.31
60 10 2.79 2.39 2.18 2.04 1.95 1.87 1.82 1.77 1.74
.05 4.00 3.15 2.76 2.53 2.37 2.25 217 2.10 2,04
01 7.08 498 4,13 365 3.34 312 2.95 2.82 2.72
| 25 1.34 1.40 1.39 1.37 1.35 1.33 1.3 1.30 1.29
120 .10 2.75 2.35 2.13 1.99 1.90 1.82 1.77 1.72 1.68
| .05 3.92 3.07 2.68 245 229 217 2.09 2,02 1.96
) 6.85 4.79 3935 348 317 2.96 2.7% 2.66 2.56
.25 1.33 1.3¢9 1.38 1.36 1.34 1.32 .31 1,29 1.28
200 Rl 2.73 2.33 211 1.97 1.88 1.80 1.75 1,70 1.66
.05 3.89 3.04 2.65 242 2.26 2.14 206 1.98 1.93
K| 6.76 4.71 188 4 31 2 B9 2.73 2.60 2.50
.25 1.32 1.39 1.37 1.35 1.33 1.3 1.29 1.28 1.27
] 1,10 2.71 2.30 2.08 1.94 1.85 1.77 1.72 1.67 1.63
g 05 3.84 3.00 2.60 2.37 2.21 210 2.01 1.94 1.88

.01 6.63 4.61 3.78 332

3.02 280 264

2.51

318

1.37
1.85
2.21
3.09

1.36
1.84
2,18
3.02

1.35
1.B1
215
2.96

1.35
1.79
2.13
2.91

1.32
1.73
2.04
2.73

1.29
1.68
1.95
2.56

1.27
1.62
1.87
2.40

1.26
1.60
1.84
2.34

1.24
1.57
1.79
2.25

3.03

1.35
1.81
215
294

1.34
1.79
2.12
290

1.34
1.77
2.09
2.84

1.31
1.71
2.00
2.66

1.29
1.66
1.92
2.50

1.26
1.60
183
2.34

1,25
1.57
1.80
2.27

1.24
1.55
1.75
2.18



20
.34
1.76
2.07
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1.77
227

1.26
1.53
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Significance Points of o, and dyat 0.01 Level of Significance
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0.841
¢.360
0.873
0.895
0.374
1.03%
1.095
BT44
1138
1.223
1.256
1.235
1312
1,338
1.358
1.373
1515
1.592

dy

348z
2.981
2417
2.631
2.566

2387

2.38
2308
2244
2133
2140
2097
2059
2026
1,857
1.970
1.947
1.925
1.906
1.885
1.874
1.860
1.847
1.836
1.825
1.815
1.807
1.759
1.768
1,748
1.734
1.726
1.220
1.716
1.7214
1714
1.714
1.7214
1715
1117
1737
1.757

K=9

2179

0.214

0.255
0.294
0.331
0163
0.404
0.439
0.473
0.505
8.536
0.566
0595
0.622
0.649
0.674
0.698
8722
0.744
0.766
0787
0.807
0826
0.844
0927
0.997
1.057
1.108
1153
1192
1.227
1.259
1.287
1312
1335
1357
1.581

1.532

0.0&3
0.054
c.r2z
0.160
0.135
0.232
0.258
0.334
0.342
0.375
0.429
0.441
0.473
0.5C4
0.5
G.562
0.539
0.415
0641
0.5663
0589
o.7n

0.731
0.754
C.774
0749
0.881

0.955
1.013
1.072
1120
1.162
1999
1.232
1,262
1.223
1.313

1.335
1435
1.5

3374
3.201
1053
2933
2213
2714
2625
2544
2473
2417
2362
2313
2.269
2229
2193
2162
2131
2904
2,080
2.057
2,037
208
2000
1.985
1.970
1.956
1502
1,864
1.837
1.817
1,802
1.732
1.783
1.777
1.773
1.759
1,767
1.765
1767
1.773
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