STOCKHOLM UNIVERSITY
Department of Statistics
Ellinor Fackle-Fornius

EXAM IN MULTIVARIATE METHODS
February 18 2019

Time: 5 hours
Allowed aids: Pocket calculator, language dictionary.

The exam consists of five questions. To score maximum points on a question solutions need
to be clear, detailed and well motivated.

Results will be announced no later than March 4.

Question 1. (16 points)
Define and explain the following concepts:

a) Underidentification
b) Centroid method
c¢) Deviance

d) False positive rate

Question 2. (16 points)

The weekly rates of return for five stocks (JP Morgan, Citibank, Wells Fargo, Royal Dutch
Shell and ExxonMobil) listed on the New York Stock Exchange were determined for the
period January 2004 through December 2005. JP Morgan, Citibank and Wells Fargo are
bank stocks while Royal Dutch Shell and ExxonMobil are oil stocks. Let zy, o, ..., z5 denote
observed weekly rates of return for JP Morgan, Citibank, Wells Fargo, Royal Dutch Shell, and
ExxonMobil, respectively. A principal components analysis was performed on the correlation
matrix resulting in the following eigenvalues and eigenvectors.

AL =2437, w! = (0.469 0.532 0.465 0.387 0.361)

A2 =1.407, wf = (-0.368 —0.236 —0.315 0.585 0.606)
A3 =0.501, wi = (-0.604 —0.136 0.772 0.093 — 0.109)
Ay =0.400, wf = (0.363 —0.629 0.289 — 0.381 0.493)
As =0.255, wf = (0.384 —0.496 0.071 0.595 — 0.498)



a) Describe the general objective of principal components analysis.
b) Draw a scree plot and comment the plot.
c) How many PCs arc needed to account for at least 80 % of the total variance?

d) Compute the loadings of the variables on the first two PCs. Interpret the first two PCs.

Question 3. (16 points)

Consider again the weekly rates of return stock-data described in Question 2. An exploratory
factor analysis was performed on the correlation matrix and 2 factors were extracted. The
factor loadings produced after an orthogonal rotation are given in the following table.

Variable F; E,
T 0.763 0.024
Ty 0.821 0.227
T3 0.669 0.104
Ty 0.118 0.993
Ts 0.113 0.675

a) Describe two types of orthogonal rotations.
b) What are the usual assumptions for the factor model?
¢) Compute shared variances between the indicators and cach of the common factors.

d) What percentage of the variance of each of the oil stocks is not accounted for by the
common factors F; and F;? What is this percentage called?



Question 4. (16 points)

Based on a data set of city crime rates the matrix of distances between 6 cities was found

to be

Atlanta Boston Chicago Dallas Denver Detroit

Atlanta 0
Boston 536
D= Chicago 516
Dallas 590
Denver 694

Dectroit 716

0
447
833
915
881

0
924 0
1073 928 0
972 465 359 0

a) Use the Complete-Linkage method to perform a hierarchical clustering of the cities.

b) Draw the dendogram for the hierarchical clustering in a).

c) Name onec advantage and one disadvantage of hierarchical clustering methods versus non-

hicrarchical clustering methods.

Question 5. (16 points)

Samples of steel produced at two different rolling temperatures have been measured on two
variables: z; = yicld point and z, = ultimate strength. The data for the two groups of
temperatures are presented in the following table and plotted in Figure 1.

Temperature 1

Temperature 2

I T2 I T2
33 60 35 57
36 61 36 59
35 64 38 59
38 63 39 61
40 65 41 63

43 65

41 59
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Figure 1: Ultimate strength and yicld point for steel rolled at two temperatures

From the data, we calculate

_ (364 _ _ (390 _ (292 1638 _ (50 40
xl_(62.6)’ *2 = <60.4>’ SSCPy = (16.8 17.2)’ SSCP, = (40 45.7)'

a) Comment on the discrimination provided by the two variables individually as well as
jointly.

b) Calculate the pooled covariance matrix Spooled-

c) Calculate Fisher’s linear discriminant function for these data.



Multivariate Methods Formula Sheet

Formula Sheet for the Exam in Multivariate Methods

Vectors and matrices

Length of a vector a = (a1, as,...,4ap)

lall = \/a? + a3+ +a2

Determinant of a 2 X 2 matrix A

det (A) = |A| = Q3110922 — Q120921

Inverse of a 2 X 2 matrix A

Al = 1 Q2 —Q12
Q11022 — Q12021 \—0G21 411

Eigenvalues are the roots of the characteristic equation
det (A= A)=0
For ecach cigenvalue the solution to
(A-A)x=0

gives the associated cigenvector x



Multivariate Methods Formula Sheet

Distances

e Fuclidean

e Statistical

p 2
spa= |3 (22m)
J

e Mahalanobis

MDy, = \/ (3; — %) " 871 (% — %)

Forp=2

MDy =

1 {(wu —za)’  (@a— ) 2 (30— ou) (22— 2w)

2 2
1—72 L 5 5182

Mean-correction and covariance

e Mean-corrected data

Xm = {zy} = {Xy — X5}

(nxp)

e (Covariance

S ={s;}= {Zi:lxiﬂik} _Ssep 1 XT'x

(pxp) n—1 df n—1"m""



Multivariate Methods

Formula Sheet

Group Analysis

e Total sum of squares and cross products

SSCPtotal = SSCPwithin + SSCPbetween

e Pooled within-group sum of squarcs and cross products

g
SSCPuimin = Y  SSCP,
=1
e Pooled covariance matrix

SSCPwil;hin

Spooled =
n—g

e Between-group sum of squares and cross products

SSCPbetween = SSCPtotal - SSCPwithin

For g = 2 groups
n1N3
ni + Na

SSCPbetween =

Factor Analysis

e For the two-factor model

Var(z) = A3 + A3 + Var(e) + 2A Moo

Cor(z,&) = A1 + X0

COT(IIJJ', l'k) = Alekl + )\j2)\k2 + ()\jl)\k2 + /\j2)\k1) d)

(%1 — %) (%1 — %2)”



Multivariate Methods

Formula Sheet

e RMSR for EFA

Dim1 Dj—ie1 TESH
RMSR = \/ )2

e RMSR for CFA

Iy \/Z P (s — 64)°

p(p+1)/2

Two-Group Discriminant Analysis

e Maximize

e Fisher’s linear discriminant function

= (- Nz)T z

o Wilks’ A
|ISSCP,|

A= |SSCP,|

F= (I‘A) ("l+"2"p"1) ~ F(pyny+nz—p—1)
A P

e (Classification based on decision theory: assign the observation to group 1 if

Z1+ Zy p2C(1]2)
>
f2——th [p10(2|1)



Multivariate Methods Formula Sheet

Logistic regression

e Odds of theevent Y =1
p
odds = ——
1-p
where
p=PY =1)

e Probability of the event Y = 1 as a function of the explanatory variables

1
- 1 + e—(Bo+B1X1+-+BrXk)

P(Y = 1)X1, Xs, ..., X&)

Quadratic equation

e The roots of the quadratic equation az?® + bzx + ¢

. —b+ Vb? — 4dac
o 2a
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