STOCKHOLM UNIVERSITY
Department of Statistics
Ellinor Fackle-Fornius

EXAM IN MULTIVARIATE METHODS
March 27 2019

Time: 5 hours
Allowed aids: Pocket calculator, language dictionary.

The exam consists of five questions. To score maximum points on a question solutions need
to be clear, detailed and well motivated.

Results will be announced no later than April 10.

Question 1. (16 points)

Given the correlation matrix
1 06
r= (05 )
a) Compute the eigenvalues of the correlation matrix. How are the eigenvalues related to
principal components analysis?

b) What proportion of the variance is accounted for by the first principal component?

¢) What is the difference between principal components analysis and exploratory factor
analysis?



Question 2. (16 points)

The Motivational State Questionnaire (MSQ) was developed to study emotions in labora-
tory and field settings. Respondents were asked to indicate their current standing on scale
for a number of variables/emotions. A confirmatory factor analysis with two factors was
hypothesized based on a subset of these variables and the estimated pattern loadings are
given in the following table. The correlation between the two factors was estimated to be
0.181.

F E,
Energetic Negative
Active 0.857

Vigorous 0.776
Wakeful 0.687

Lively 0.890

Jittery 0.538
Nervous 0.881
Scared 0.590

a) Draw a graph of the model.
b) What are the degrees of freedom for the model?

c) Fill out the missing numbers (marked by z) in the following estimated correlation matrix.

Active Vigorous Wakeful Lively Jittery Nervous Scared

Active T \
Vigorous| 0.665 z
Wakeful | 0.589 T T

0>
[l

Lively 0.763 0.691 0.612 T

Jittery 0.084 0.076 0.067 0.087 T

Nervous | 0.137 0.124 0.110 T 0.475 T

Scared \ 0.092 0.083 0.074 0.095 0.318 0.520 x /

d) Describe one measure that can be used to evaluate the goodness of the fit of the model.



Question 3. (16 points)

Six retail chain stores were evaluated by a consumer panel on 10 service quality attributes.
Based on their evaluations, the following similarity matrix containing squared Euclidean
distances was computed.

Store # 1 2 3 4 5 6
1 0.00
2 3.65 0.00
3 46.81 13.29 0.00
4 24.62 51.88 17.21 0.00
5 39. 87 26.75 8.79 16.27 0.00
6 82.48 40.056 18.91 6.20 65.22 0.00

a) Use the Single-Linkage method to perform a hierarchical clustering of the stores.
b) Draw the dendogram for the hierarchical clustering in a).

¢) Describe the main steps of the k-means clustering algorithm.

Question 4. (16 points)

The salmon fishery is a valuable resource for both the United States and Canada. There are
regulations such that Alaskan fishermen cannot catch too many Canadian salmon and vice
versa. As an aid in regulating the catches samples of fish are taken during the harvest and
the salmons are classified as coming from Alaskan or Canadian waters. This classification is
based on the variables z,=diameter of rings for the first-year freshwater growth (hundredths
of an inch) and z;=diameter of rings for the first-year marine growth (hundredths of an
inch). Typically, the rings associated with freshwater/marine growth are smaller/larger for
the Alaskan-born than for the Canadian-born salmon. For a data set with 50 Alaskan-born
and 50 Canadian-born salmon we have the sample means

- _ (9838 2. = 137.46
%17 \42066)° *2 7 \366.62
and pooled sample covariance matrix

S _ (29335 —27.29
pooled = \ _ 9799 1146.20/ "



a) Calculate Fisher’s linear discriminant function for this data set.

b) The linear discriminant function weights are derived by maximizing a certain function,
which one?

c) Classification was performed with the derived linear discriminant function and resulted
in the confusion matrix

Predicted class
Alaskan Canadian
Alaskan 44 6
Canadian 1 49

True class

Calculate the false positive and the false negative rates of this classification, assuming
“Alaskan” is the “positive” event.

Question 5. (16 points)

Consider again the salmon data described in Question 4. The probability that a salmon is
Alaskan-born is now modeled via logistic regression with z;=diameter of rings for the first-
year freshwater growth (hundredths of an inch) and zo,=diameter of rings for the first-year

marine growth (hundredths of an inch) as explanatory variables. The model fit is summarized
in Table 1.

a) Why is logistic regression preferred over linear regression when the response variable is
binary?

b) What is the estimated odds that a salmon with z; = 118 and z, = 381 is Alaskan-born?
c) What would be the classification of a salmon with z; = 118 and z3 = 3817

d) Write the expression of the log-likelihood for the model.



(Intercept) 3.924

(6.315)
x 0.126***

(0.036)
T —0.048***

(0.015)
AIC 44.788
BIC 52.604
Log Likelihood -19.394
Deviance 38.788
Num. obs. 100

***5 < 0.001, **p < 0.01, *p < 0.05

Table 1: Model fit summary



Multivariate Methods Formula Sheet

Formula Sheet for the Exam in Multivariate Methods

Vectors and matrices

e Length of a vector a = (ay,as,...,ap)

||a||=\/a§+ag+---+ag

e Determinant of a 2 x 2 matrix A

det (A) = |A| = anaz2 — arpaz;

e Inverse of a 2 X 2 matrix A
1 1 a2 —a12
Al — =
a11Q0922 — G12G21 \—G21 41

e Eigenvalues are the roots of the characteristic equation
det(A— M) =0
For cach eigenvalue the solution to
(A-A)x=0

gives the associated eigenvector x



Multivariate Methods Formula Sheet

Distances

e FBuclidean

e Statistical

Y4 2
SDx= |3 (-T_S_mk)
J

e Mahalanobis

MDik = \/(xi — Xk)T S-1 (Xi — Xk)

For p=2

1_7.2 2 2

MDy, = 1 (i1 — Cvk1)2 4 (T2 — l‘k2)2 B 2r (zi — Th1) (T2 — Tha)
51 53 8189

Mean-correction and covariance

e Mean-corrected data

X = {z} = { Xy - X;}

(nxp)

e Covariance

_ _ Z?:l Sl}ijiL‘ik _ SSCP . 1 T
(,,§,,) = (s} = { n—1 Tod n 1 mm



Multivariate Methods Formula Sheet

Group Analysis

Total sum of squares and cross products

SSCPtotal = SSCPwithin + SSCPbetween

Pooled within-group sum of squares and cross products

9
SSCP.yiumin = »  SSCP,

=1

Pooled covariance matrix

SSCPwithin

Spooled =
n—g

Between-group sum of squares and cross products
SSCPbetween = SSCPtotal - SSCPwithin

For g = 2 groups
172
ni + N9

SSCPhretween = (X1 - 3_{2) ()_Cl - )_(Q)T

Factor Analysis

e For the two-factor model

Var(z) = A3 + A2 + Var(e) + 2\ Ao
CO’T‘((E, 61) = Al + )\2¢>

COT’(:Ej, T) = Aj1Ak1 + Ajodes + ()\j1/\k2 + /\j2/\k1) ¢



Multivariate Methods

Formula Sheet

e RMSR for EFA

RMSR = \/ _1/2

e RMSR for CFA

RMSR = \/2 —1 81.7 &ij)2

p(p+1)/2

Two-Group Discriminant Analysis

e Maximize

e Fisher’s linear discriminant function

7= (1 — )" B

e Wilks’ A
ISSCP,|

A= |SSCP,|

Fe (17\A> (n1+n2—p—1) ~ F(pymy 19 —p— 1)

p

e Classification based on decision theory: assign the observation to group 1 if




Multivariate Methods Formula Sheet

Logistic regression
e Odds of the event Y =1

where

e Probability of the event Y = 1 as a function of the explanatory variables

1

P(Y == 1|X1) X2) o )Xk) = 1 + e—(ﬂo+ﬂ1Xl+“‘+ﬁka)

Quadratic equation

e The roots of the quadratic equation az?® + bz + ¢

o —~b+ /b% — 4ac
B 2a
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Correction sheet

Date: 27/03/2019

Room: Brunnsvikssalen
Exam: Multivariate Methods
Course: Multivariate Methods

Anonymous code: 6608 My

\,(D I authorise the anonymous posting of my exam, in whole or in part, on the
department homepage as a sample student answer.
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