STOCKHOLM UNIVERSITY
Decpartment of Statistics
Ellinor Fackle-Fornius

EXAM IN MULTIVARIATE METHODS
September 30 2019

Time: 5 hours
Allowed aids: Pocket calculator, language dictionary.

The exam consists of five questions. To score maximum points on a question solutions need
to be clear, detailed and well motivated.

Results will be announced no later than October 14.

Question 1. (16 points)
a) Describe the different measurement scales and give one example of each.

b) Describe dependence/interdependence methods and give two examples of cach.

Question 2. (16 points)

Forty cngincers were given six tests and measurements were taken on the following six vari-
ables

z1 = intelligence z4 = dotting
x9 = form relations x5 = sensory motor coordination
z3 = dynamometer g = perseveration

A principal components analysis (PCA) was performed on the correlation matrix

1.00 0.19 0.10 012 -0.05 0.39
019 100 -012 -0.27 —-0.24 -0.07
010 -0.12 1.00 0.29 -0.16 0.07
012 -0.27 029 1.00 -0.19 0.33
-0.05 -0.24 -0.16 -0.19 1.00 -0.15
039 -0.07 0.07 033 -015 1.00

R =



The eigenvalues of R were found to be

A= (1.775 1.354 1.073 0.815 0.531 z)

and the correlations between the first two PCs and the variables are given in the following
table.

T Io T3 Ty T Tg
PCl1 054 -0.13 051 0.72 -042 0.71
PC2 -046 -0.87 0.25 0.37 0.41 -0.12

a) Calculate the last cigenvalue (marked with an z).
b) Calculate the weights (w) for the first PC.
c¢) Which variable(s) are influential when forming the first two PCs.

d) When is PCA most uscful, when the original variables are nearly uncorrclated or highly
corrclated? Explain why.

Question 3. (16 points)

Consider again the Engincer data described in Question 1. An exploratory factor analysis
was now performed. The analysis resulted in a two factor solution with the rotated (rounded)
pattern loadings presented in the table below. The two factors are assumed to be orthogonal.

B £ L
x; 014 0.69
x2 -0.64 0.61
x3 056 0.12
x4 080 0.16
xs -0.07 -0.58
x¢ 049 054




Based on the reported results compute:
a) The communalitics.
b) The proportion of variance explained by cach factor.

¢) The missing values (z’s) in the following residual correlation matrix.

0.5043 -0.1413 -0.0612 —-0.1024 0.3600 —0.0512
—0.1413 0.2183 0.1652 0.1444 0.0690 —0.0858
—0.0612 0.1652 0.6720 —0.1772 —0.0512 —0.2692
—0.1024 0.1444 —0.1772 0.3344 —0.0412 -0.1484

z T —0.0512 -0.0412 0.6587 0.1975
T —0.0858 —0.2692 -0.1484 0.1975  0.4683

d) RMSR.

Question 4. (16 points)

Prices (in dollars per 12 pack of cans) and Quality ratings on a 10-point scale (where 1 is
worst and 10 is best quality) for six brands of beer are presented in the following table.

Brand Price Quality

A 7.89 10
B 4.79 4
C 7.65 9
D 6.39 7
E 4.50 3
F 6.25 6

a) Compute a distance matrix consisting of squared Euclidecan distances.

b) Use the Centroid method to perform a hicrarchical clustering of the brands. Stop when
you have obtained 3 clusters.

c) Describe if there arc any disadvantages of hicrarchical clustering methods.



Question 5. (16 points)

To construct a procedure for detecting potential hemophilia A carriers, blood samples were
assayed for two groups of women and measurcments on the two variables,

X = log,o(AHF Activity)
X2 = log,o(AHF-like antigen),

were recorded. “AHF” denotes antihemophilic factor. The first group consists of women
who did not carry the hemophilia gene, the noncarriers group. The sccond group consists of
known hemophilia A carriers, the so called obligatory carriers. The data sct contains n; = 30
women in the noncarrier group and n, = 45 women in the obligatory carriers group. We

have the sample means
%, — —0.1349 _ {—0.0779
17 \-03079)" T2\ —0.0060
and the inverse of the pooled sample covariance matrix is given by

g-1 _ (8609 —61.49
pooled = |\ _§1.49 90.20 /-

(al

a) Calculate Fisher's lincar discriminant function for this data sct.

b) Classification was performed with the derived linear discriminant function and resulted
in the following confusion matrix

Predicted group

Noncarrier Obligatory carrier

Actual group Noncarrier 26 4

Obligatory carrier 7 38

Calculate the accuracy, specificity and sensitivity of this classification, assuming the event
is being a “noncarrier”.

c¢) The means of the discriminant scores are —1.2723 for the noncarriers group and —5.8466
for the obligatory carriers group. What would the classification be of a woman with mea-
surements £, = —0.0056 and z2 = —0.1657 assuming the prior probablilitics of noncarriers

is % and that of obligatory carriers is %‘?



Multivariate Methods Formula Sheet

Formula Sheet for the Exam in Multivariate Methods

Vectors and matrices

e Length of a vector a = (ay, as, ..., a,)

lall = /a3 + a3+ +a2

e Decterminant of a 2 X 2 matrix A

det (A) = |A| = aq1a22 — aipan;

e Inverse of a 2 x 2 matrix A
A-l = L G2  —a12
a11Q22 — Q12021 \—G21 an

e EBigenvaluces are the roots of the characteristic equation
det(A—AI)=0
For cach cigenvalue the solution to
(A-A)x=0

gives the associated cigenvector x



Multivariate Methods Formula Sheet

Distances

e FEuclidcan

e Statistical

P 2
SDdc = Z <‘TU s.l‘kj)
J

e Mahalanobis

MDy = \/(x — %) $71 (x; — %)

Forp=2

MDy = 1 [(ﬂin —z)? (Tig — Tia)® _2r (Ti1 — Th1) (Ti — Tha)

+
2 2
1 r? 51 S5 8182

Mean-correction and covariance

o Mcan-corrected data

Xm = {25} = {Xi; — X}

(nxp)

e Covariance

_ - Z:L:l CL‘ij.’L'ik _ SSCP _ 1 T
(p§p) N {SU} n { n—1 B df 5 n— 1mem



Multivariate Methods Formula Sheet

Group Analysis

e Total sum of squarcs and cross products

SSCPtotal = SSCPwithin + SSCPbetween

e Pooled within-group sum of squares and cross products

g
SSCP.ihin = Y _ SSCP,
=1
e Pooled covariance matrix

SSCPwithin

Spooled =
n—g

e Between-group sum of squares and cross products
SSCPbetween = SSCPtotal : | SSCPwithin

For g = 2 groups
Y2
ny 4+ ng

SSCPbetween = (xl - )_(2) ()_(1 — )_{Q)T

Factor Analysis

e For the two-factor model

Var(z) = A2+ A3 + Var(e) + 22 Ao

C’or(z,&l) = )\1 + /\2¢

CO’I‘(:Ej, :L‘k) = )\jl)\kl + )\jg)\kQ + (/\jlx\kQ + /\12)\k1) ¢



Multivariate Methods

Formula Sheet

e RMSR for EFA

PRk J 1+1r632
RMSR = \/ p—1)/2

e RMSR for CFA

- 2
RMSR = \/ Lica =i (55 = Oy)

p(p+1)/2

Two-Group Discriminant Analysis

e Maximize

N 1B
TWry
e Fisher’s lincar discriminant function
= (1~ p2)" B2
e Wilks' A
A= |SSCP,,|
o [SSCP,|

P () (B2 R e p- )

p

o Classification based on decision theory: assign the observation to group 1 if

Z + Z, p2C(1]2)
>
g2—5—+h [plc@il)



Multivariate Methods

Formula Sheet

Logistic regression

e Odds of thcevent Y =1

where

e Probability of the event Y =1 as a function of the explanatory variables

P(Y = 1|X1,X2,.. .,Xk)

Quadratic equation

e The roots of the quadratic equation az? + bz + ¢

= 1 4+ e—(Bo+Br X1+ +BrXk)

. —b+ Vb? — 4ac

2a
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