STOCKHOLM UNIVERSITY
Department of Statistics
Ellinor Fackle-Fornius

EXAM IN MULTIVARIATE METHODS
November 5 2019

Time: 5 hours
Aids allowed: Pocket calculator, language dictionary.

The exam consists of five questions. To score maximum points on a question solutions need
to be clear, detailed and well motivated.

Results will be announced no later than November 19.

Question 1. (16 points)

Given the following data, compute the euclidean, statistical and Mahalanobis distance be-
tween observations 2 and 4 and observations 2 and 3. Which set of observations is more
similar? Why?

Obs. X1 X2
1 7 8
2 3 1
3 9 8
4 2 4
) 5 b

Question 2. (16 points)

Data were collected on z;, =sales (billions) and z, =profits (billions) for the ten largest
companies in the world. The sample mean vector and covariance matrix are given by

% = 155.60 S - 7476.45 303.62
—\ 14.70 -\ 303.62 26.19 /-

The eigenvalues of the covariance matrix are

A1 = 7488.8
Ag =13.8

1



a) Compute the correlation matrix R and the eigenvalues of R.

b) Find the proportion of the total variance explained by the first PC based on the correlation
matrix.

c¢) Find the proportion of the total variance explained by the first PC based on the covariance
matrix.

d) Discuss when it is appropriate to base the PCA on the covariance/correlation matrix.

Question 3. (16 points)

Forty engineers were given six tests and measurements were taken on the following six vari-
ables

z; = intelligence x4 = dotting
xo = form relations x5 = sensory motor coordination
3 = dynamometer x¢ = perseveration.

An exploratory factor analysis was performed. The analysis resulted in a two factor solution
with the rotated (rounded) pattern loadings presented in the table below. The two factors
are assumed to be orthogonal.

Fy F,
z; 014 0.69
zy -0.64 0.61
zz 0.56 0.12
zg 080 0.16
zs -0.07 -0.58
ze 0.49 0.54

a) What are the usual assumptions for the factor model?
b) Compute the unique variances.
c¢) Compute the estimated/reproduced correlation matrix.

d) If another factor rotation was performed, would you expect any of your results in b) or
c) to change?



Question 4. (16 points)

For the data set in Question 1 the following matrix of distances can be calculated

1

0
8.0623
2.0000
6.4031
3.6056

O W N =

a) Cluster the 5 observations using th

2 3 4 3
0

9.2195 0

3.1623 8.0623 0

4.4721 5.0000 3.1623 0

e Complete linkage method.

b) Draw the dendrogram of the clustering in a).

c) Can cluster analysis be considered
data reduction techniques.

Question 5. (16 points)

Annual financial data were collected on 3 variables for 21 bankrupt firms approximately 2
years prior to their bankruptcy and for 25 financially sound firms at about the same time.
The variables are X;=CF/TD=(cash flow)/(total debt), Xo,=NI/TA=(net income)/(total
ets)/(current liabilities). The data are plotted pairwise

assets), and X3=CA/CL=(current ass
in the following graphs.

as a data reduction technique? Compare with other
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Fisher’s linear discriminant function was estimated to

a) Comment on the discrimination provided by the three variables individually as well as

jointly in pairs.

b) Use the estimated linear discriminant function and compute the discriminant scores for

1.1278
3.6946
0.8265

")/:

the 6 new observations in the following table.

X X, X, Status
-0.45 -041 1.09  Bankrupt
0.51 0.10 2.49 Nonbankrupt
-0.56 -0.31 1.51 Bankrupt
0.08 0.02 2.01 Nonbankrupt
0.06 0.02 1.01 Bankrupt
0.38 0.11 3.27 Nonbankrupt

Status
® Baniupt
A Nonbankupt

Status
® Bankupt
A Nonbankrupt



c) The means of the discriminant scores in the original data set was 0.7509 for the bankrupt
firms and 2.6143 for the nonbankrupt firms. Assume that the prior probabilities are pro-
portional to the sample proportions and that the cost to misclassify a bankrupt firm as
nonbankrupt is 3 while the cost to misclassify a nonbankrupt firm as bankrupt is 1. Classify
the 6 new observations in the table.

d) Determine the confusion matrix and accuracy of the classification in c).



Multivariate Methods Formula Sheet

- Formula Sheet for the Exam in Multivariate Methods

Vectors and matrices

e Length of a vector a = (a1, as,...,a,)

lall = Jat + a3+ +a2

e Decterminant of a 2 x 2 matrix A

det (A) = |A| = aj1a90 — aj0a9;

e Inverse of a 2 x 2 matrix A
—1 1 a2 —aQjp2
Al=_2 -
a11G22 — A12G21 \—A21 Q411

e LBigenvalues arc the roots of the characteristic equation

det (A — A\I) = 0

For cach cigenvalue the solution to
(A-AM)x=0

gives the associated cigenvector x



Multivariate Methods

Formula Sheet

Distances

e Euclidean

(zi5 — T4j)°

e Statistical

S-Dtk

e Mahalanobis

MD;. = \/(xi - xk)T S—1(x; — xx)

Forp=2
MD,, — 1 i (za —2%1)2 N (Ti —2$k2)2 _2r (@i = zh) (T2 — 2po)
1-r 81 83 5182
Mean-correction and covariance
Y

e Mean-corrected data

Xm . {-Tij} = {XU = X]}

(nxp) Y
e Covariance

S T Tk SSCP 1
S = Gt = i=1 7l = = XT X"1
(pxp) {S]} { n—1 df n—1"
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Multivariate Methods

Formula Sheet

Group Analysis
e Total sum of squares and cross products
SSCPtotal = SSCPwithin + SSCPbetween

e Pooled within-group sum of squares and cross products

g
SSCP.iinin = Z SSCP,

=1

Pooled covariance matrix

SS CPwithin

Spooled =
n-—g

Between-group sum of squares and cross products
SSCPbetween = SSCPtotal = SSCPwithin
For g = 2 groups

ning
ny + ng

SSCPbetween =

Factor Analysis

e For the two-factor model

Var(z) = A2 + A3 + Var(e) + 2\ Xq¢

Cor(z,&) = A1 + Ao

Cor(zj, z) = Ajidka + Az + (Ajidee + Ajedn) @

(X1 — %) (%1 — %2)7



Multivariate Methods Formula Sheet

e RMSR for EFA

> res;
M ] =i+1
RMSR = \/ =7

e RMSR for CFA

A \2
Z Zp—z 57'] 0'1]- )

RMSR =
plp+1)/2
Two-Group Discriminant Analysis
e Maximize .
N X By
YWy

e Fisher's lincar discriminant function

7F = (g — )" B2

o Wilks' A
A — ISSCPy|
~ |SSCP,|
F= (I‘A) ("1”2""1) ~F(pm+nz—p—1)
A p

o Classification based on decision theory: assign the observation to group 1 if

zZ2

I+ 2, p2C(1]2)
y thn [p10(2|1>
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Multivariate Methods Formula Sheet

Logistic regression
o Odds of theevent Y =1

where

e Probability of the event Y =1 as a function of the cxplanatory variables

1

P(Y = 1|X1,X2, ) Xk) = 1 + e—(Bo+B1 X1 +-+B X¢)

Quadratic equation

e The roots of the quadratic equation az? + bz + ¢

oo —b+ Vb? — dac
o 2a
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